We examine the local dynamics of nonisothermal viscous ows in the neighborhood of the constant equilibria using the thermomechanically consistent constrained theory for materials with prescribed temperature-dependent density developed by Cao et al. (1996) . We discover that the linearized growth rate of small length scale, in nitesimal disturbances near the equilibria is proportional to the reciprocal of their wave length, a classical phenomenon known as the Hadamard instability, indicating the local illposedness of the constrained theory. Therefore, the use of the theory to model transient ow phenomenon is not advised.
1 Introduction Cao et al. (1996) developed a thermomechanically consistent constrained theory for materials with prescribed temperature-dependent density. This theory successfully captures the expansion cooling phenomenon observed in nonisothermal steady state Poiseuille ows of viscous uids (Winter 1977 , Cao et al. 1996 while the ad hoc theories (Kase and Matsuo 1965 , Sabhapathy and Cheng 1986 , Hayashi et al. 1992 , where a temperature-dependent density is a posteriori inserted into the classical theory for incompressible materials (Bird et al. 1987) , fail. In this regard, the constrained theory of Cao et al.'s marks a notable theoretical advance in modeling steady state nonisothermal ows.
When applied to transient ow problems, however, the theory is found to be pathological in that not only the constant equilibria are unstable at any experimentally attainable temperature, but also in nitesimal disturbances of small length scales near the equilibrium grow proportionally to the reciprocal of their wave length. This catastrophic phenomenon has been referred to as the classical Hadamard instability (Joseph 1990 ).
Examples of mathematical models exhibiting Hadamard instabilities include the \tran-sient" Laplace equation, in which one of the independent variables is treated as time-like, incompressible uid models for inviscid interfacial ows (Kelvin-Helmholtz, Rayleigh-Taylor instability, etc.) (Drazin and Reid 1981) and some models (interpolated Maxwell model, etc.) for Non-Newtonian uids (Joseph 1990 , Wang et al. 1995 . The emergence of the instability in the models is often an indication of their failure to model the underlying physics (Joseph 1990 , Wang et al. 1995 or onset of catastrophes. Regularization of the models is thus necessary; sometimes, the regularization is done numerically. In most evolutionary equations, where Hadamard instabilities are observed at any constant equilibrium, the corresponding initial or initial-boundary value problem does not have a solution except that the initial data are analytical. Evolutionary equations exhibiting this behavior are often said to be locally illposed (Joseph 1990 ). The constrained theory of Cao et al. (1996) is thus locally illposed.
The \unconstrained" (compressible) theory for nonisothermal viscous uids is known to be wellposed, i.e., all the constant equilibria are stable. A general proof can be found in (Rooney et al. 1999 ) for thermomechanical processes satisfying the Gibbs conditions (Gibbs 1873, 1878). The local illposedness of the constrained theory (Cao et al. 1996) found in this study certainly contradicts both the unconstrained theory and the common experience with nonisothermal viscous uids. Consequently, its direct use in transient ow phenomenon is not advised.
In the remaining parts of the paper, we detail our near-equilibrium dynamical analysis for nonisothermal viscous ows using the thermomechanically consistent constrained theory, which leads to our discovery of the catastrophic instability in the theory and so its illposedness, following a brief review of the constrained theory.
2 Near equilibrium dynamics in the thermomechanically consistent constrained theory First, we brie y review the thermomechanically consistent constrained theory for materials with prescribed temperature-dependent density developed by Cao et al. (1996) . Then, we study the dynamical behavior of the theory near constant equilibria followed by a brief discussion about a more general constraint.
2.1
Thermomechanically consistent constrained theory for materials with temperature-dependent density
In the constrained theory of Cao et al. (1996) , the density of the material is a given function of the absolute temperature :
With the prescribed density, the conservation of mass acts e ectively as a thermomechanical constraint:
where D = 1 2 (rv + rv T ) is the rate-of-strain tensor, v is the velocity vector, I is the second order isotropic tensor. The constrained responses for the stress, free energy, entropy and heat ux are derived subject to constraint (2) in (Cao et al., 1996) . It is show that the constraint response in the entropy is given by p 0 2 and that in the stress is given by a pressure term ?pI, where p is a Lagrange multiplier corresponding to the constraint recognized as the pressure, whereas the free energy and heat ux are not a ected by the constraint at all. With the constraint responses, the total stress, free energy, entropy and heat ux are expressed as:
T =T ? pI; =^ ; =^ + p 0 ( ) ( ) 2 ; q =q; (3) whereT;^ ;^ ;q represent the constitutive part of the physical variables to be determined by the material properties. Accordingly, the total internal energy is given by
Substituting (3) and (4) In the derivation, an increase in the constitutive part of the internal energy is assumed due exclusively to the increase of temperature:
where c( ) is the speci c heat (a prescribed function of ) corresponding to the constitutive part of the internal energy.
Equation (2), (6) and the conservation of linear momentum _ v = divT ? grad p + g; (8) where g is the external force per unit volume, along with the constitutive equations for the extra stressT and heat uxq constitute the thermomechanically consistent constrained theory for materials with prescribed temperature dependent density (Cao et al. 1996 ).
2.2
Linearized stability around constant ow equilibria of nonisothermal viscous uids using the constrained theory For a nonisothermal viscous uid, the constitutive part of the extra stress, satisfying the Clausius-Duhem inequality, is given bŷ T = ( )tr(D) + 2 ( )D; (9) where ( ); ( ) are prescribed temperature-dependent bulk viscosity and viscosity, respectively, with + 2 3 0 and 0. We note that the rst term was not included in the original derivation of Cao et al. (1996) .
In consistence with the second law of thermodynamics, we adopt the Fourier law for the heat ux,q = ?K( )r ; (10) where K( ) is the heat conductivity, a prescribed function of temperature.
When the external force and the speci c heat e ect are neglected, the governing system of equations for nonisothermal viscous ows, consisting of equations (2, We are interested in the local dynamics of the governing system of equations near the equilibrium. So, we linearize the governing equations (2, 6, 8, 9, 10) about the equilibrium (11), yielding a constant coe cient partial di erential equation system. We then seek solutions of the linearized equations in forms of plane waves:
( )(x; t) = e t?in x ( ); (12) where ( 
The dispersion equation of the linearized equation system is then obtained as follows: 
This is a cubic equation in . Although its roots can be expressed explicitly in algebraic formulae, their expressions are tedious and not illuminating. 
The expression for + indicates that there is a positive growthrate proportional to the magnitude of the wave vector in the short wave limit (jnj >> 1). Namely, the disturbance grows in proportional to the reciprocal of its wave length. The indication of this is that the smaller the spatial length scale is in the disturbance, the faster it grows. This phenomenon is known as the classical Hadamard instability (Joseph 1990) . Its existence at any constant equilibrium implies that the governing system in the theory is locally illposed as an evolutionary equation system so that it can not be applied directly to transient problems. In fact, its usefulness in steady states is also questionable since all steady states are achieved through transient processes. 
The real part of 2 ; 3 are negative corresponding to decays, but the real part of 1 is positive yielding a growthrate proportional to n 4 3 . Therefore, Hadamard instability persists and so does the local illposedness in the theory.
The \eigenfuctions" of the linearized system (13) give the directions of growth corresponding to the three growthrates (15) . Their leading order terms in the range of large jnj >> 1 are given by Now that the constrained theory is locally illposed at any constant equilibrium, we must regularize the theory before it is applied to nonisothermal viscous uids. Next, we report our attempts to regularize the constrained theory.
2.3
Thermomechanically consistent constrained theory with a more general constraint
Here, we adopt a more general constraint of Green et al. (1970) and Trapp (1971) I D + b r + a _ = 0; (18) in place of the constraint imposed by the conservation of mass (2) , where the vector b and scalar a are independent of ( _ ; r ; D) and the constraint is invariant under the superposed rigid body motions. We note that constraint (2) corresponds to b = 0; a = 0 ( ) ( ) here. Following the same argument outlined in Cao et al. (1996) , we obtain the total stress, entropy, free energy and heat ux, including both the constrained response and constitutive part, as follows:
T =T ? pI; =^ + pa ; =^ ; q =q + p b:
The new constraint (18) yields a nonzero constrained response in the heat ux, entropy and stress, respectively. The additional term (b r ) in constraint (18) is only responsible for the constrained response in the heat ux. Using (7) and (5), we arrive at the energy balance for the material subject to constraint (18): 
The other governing equations in the constrained theory are (8) and (18) along with the constitutive equations for the stress and heat ux.
For nonisothermal viscous ows, we repeat the linearized stability analysis around constant equilibrium (11) and obtain three growthrates in the range of (jnj >> This analysis reveals that the additional term b r in the constraint is not enough to regularize the thermomechanically consistent constrained theory of Cao et al. (1996) . It hints that the catastrophic instability may be intrinsic to the essential relation between the density and temperature implied by the constraints (2) and (18). We have also derived a thermomechanically consistent constraint theory with the density modi ed to the following form = ( ) + 1 ( ; r ) r ; (22) where the second term is assumed invariant under the superimposed rigid body motions. The modi ed theory again fails to avoid the Hadamard instability at the constant equilibria. Furthermore, we also looked into the possibility of density a function of temperature and the rate-of-strain, which is invariant under the superimposed rigid body motions. We were unable to derive the constrained responses then. This approach therefore seems infeasible. Fortunately, by taking a di erent approach, we have been able to formulate a wellposed constrained theory for nonisothermal viscous uids. 2.4 Constrained theory for materials with entropy-dependent density Recently, Rooney et al. (1999) , reformulate a constrained theory for nonisothermal viscous uids assuming density a function of entropy. The constant equilibria are shown to be stable to in nitesimal disturbances, indicating local wellposedness of the new theory near the constant equilibria. We notice an analogous approach had been taken by Scott (1992 Scott ( ,1996 for thermoelastic materials. Details about the new constrained theory and local dynamical analysis available in (Rooney et al., 1999) .
Conclusion
We have demonstrated analytically that the thermomechanically consistent constrained theory for materials with prescribed temperature dependent density derived by Cao et al. (1996) is locally illposed for transient problems due to the existence of the catastrophic Hadamard instability, despite its promising predictions of expansion cooling in steady state Poiseuille ows of nonisothermal viscous uids. This illustrates that a thermomechanically consistent constrained theory can not be derived by simply assuming the material density a prescribed function of temperature. A satisfactory regularization of the theory within the same framework of allowing explicit dependence between the density and temperature as well as other additional thermodynamic variables remains elusive. However, we do nd a wellposed thermomechanically consistent constrained theory for nonisothermal viscous uids by allowing the density a prescribed function of entropy. Details about the derivation and analysis of the new theory are given in (Rooney et al., 1999) .
